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April 21, 2016

. Derive the representation formula for harmonic functions in two dimensions

Let u € C1(D) N C?%(D) be a harmonic function on D. Let xo € D, then

1 0 ou
u(xg) = or /8D [u(x)%logbc —Xo| — %log\x — xo\]ds

Solution: Let D, be the region D with a ball (of radius € and the center x¢) excised. For simplicity
let xo be the origin and set r = /22 + 2. By the Green’s second identity,

Ologr Ou
/aDE[u- o on logr}dS’—O

Noting that 0D, consists of two parts and on {|x| =r = €}, (,% = —%, we have
1 1
/8D [u-agsr—gz logr] s = /r:6 [u.ﬁgrgr_gu logr] as, for Ve > 0. (1)

Now the right side of the identity equals

. .
/ udS — loge/ —dS = 27u — 27elog egu,
T=€ r=€ T

€

where u denotes the average value of u on the circle {r = ¢}, and g—;f denotes the average value of g—:f
on this circle. Since w is continuous and g—ﬁ is bounded, we have

0
27w — 2me log e—au — 27u(0) ase— 0.
r

So let € tend to 0 in identity (1) and then we can obtain the representation formula.

. Theorem 2 on P181

The solution of the problem
Au=f inD wu=h ondD

= s ] s

X # Xp, then Av(x) = 0,x # xp.

is given by

Solution: Let v(x) = M’

Let D, be the region D with a ball (of radius € and the center xg) excised.
Applying Green’s Second Identity to v and u on D., we have

///E—vfdx—///€uAv—vAudx—//aD[ o aZU]dS



—%, we have

v ov 1 Ju
//T:E’Uan/—vds_ // UE—E dS_—47T62//7: uds—m//TedS——u—ear

where u denotes the average value of v on the sphere {r = ¢}, and % denotes the average value of %

Noting that 0D, consists of two parts and on {|x — xg| = r = €}, a% =

on this sphere. Since u is continuous and g—:f is bounded, we have

—u — 6(;1; — —u(xp) ase—0.

So let € tend to 0 and then we have

///D—vfdxz//m [u B _S, v]dS—u(Xo) @)

Suppose G(x,Xg) is the Green’s function for —A, then H = G — v is a harmonic function on D, and
G =0 on 0D. Applying the second Green’s Identity to u and H on D, we have

//D—Hfdx:///DuAH—HAudx://aD[ %Z_gz H}dS (3)

Adding (2) and (3) and using G = H +v in D,G =0 on 0D , we get

//D—Gfdxz//aD [u gg—gz G}dS’—uxo //aDhandS_U(Xo)
= s [ o

That is,



